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; Abstract. The Bialynicki-Birula cells on the Hilbert scheme H"(A d ) arc 

smooth and reduced in dimension d = 2. We prove that there is a schematic 
structure in higher dimension, the Bialynicki-Birula scheme, which is natural 
in the sense that it represents a functor. Let pi : H n (A d ) — > Sym n (A 1 ) be the 
Hilbert-Chow morhpism of the i th coordinate. Wc prove that a Bialynicki- 
Birula scheme associated with an action of a torus T is schematically included 
in the fiber p i _1 (0) if the i th weight of T is non positive. 
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1. Introduction 

Let H n (A d ) be the Hilbert scheme parametrizing zero dimensional subschemes of 
length n in the affine d-space A d over a field k. This scheme is mostly called the 
Hilbert scheme of points, sometimes also the punctual Hilbert scheme. There is a 
natural action of the d-dimensional torus on A d , which induces a natural action on 
H n (A d ). If T is a general one-dimensional subtorus of the d-dimensional torus, then 
T defines the Bialynicki-Birula schemes H BB ( T ' A > parametrizing the subschemes 
converging to some fixed point Z A under the action of T. The fixed point in 
question is a monomial subscheme Z A . 

These stratifications are preeminent in most studies of the punctual Hilbert scheme 
in dimension two. For instance, they appear in the computation of the Betti num- 
bers (see |ES87| . |ES88j ). in the determination of the irreducible components of 
(multi)graded Hilbert schemes (see |Eva04j . |MS10j ). or in the study of the ring 
of symmetric functions via symmetric products of embedded curves (see |Gro96] , 
[Nak99Q . 

The Bialynicki-Birula schemes in H n (A 2 ) are in fact affine cells. In contrast, not 
much is known on these cells for higher dimensional A d , and the difficulty to control 
and describe these cells is probably one of the reasons why the Hilbert scheme of 
points is still mysterious in higher dimension. 
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In dimension three or higher, the Bialynicki-Birula schemes are not irreducible, nor 
are they expected to be reduced. It is therefore necessary to define them with their 
natural scheme structure as representing a functor. Apart from the necessity to 
define them schematically, it is desirable to have functorial descriptions of Hilbcrt 
schemes at hand, as these descriptions are known to be both powerful and easy to 
handle. 

In the present paper, we introduce the Bialynicki-Birula functor parametrizing fam- 
ilies of subschemes Z such that lim^o, teT t.Z = Z A for some fixed monomial 
subschemc Z A . We will prove (see theorem |25|) : 

Theorem. The Bialynicki-Birula functor is representable by a locally closed scheme 
H BB( - T ' A \A d ) of the Hilbert scheme H n (A d ). 

We assume that the one-dimensional subtorus T of the d-dimensional torus acting 
on A d takes the shape T = {(t& , . . . , t G k*}, for suitable weights If & < 0, 
then the closed points of H BB ( T,A > (A d ) correspond to subschemes Z whose support 
is in the hyperplane Xi = 0. This follows from the the naive observation that if 
t.Z tends to Z A , then the support of Z tends to the support of Z A . A much more 
subtle question is to ask whether this remains true at the schematic level, when we 
consider the Bialynicki-Birula scheme with its possibly non-reduced structure. The 
answer is positive. We will prove (see theorem 125)) : 

Theorem. Let pi : H n (A d ) — > Sym"(A 1 ) be the Hilbert- Chow morphism which 
associates to a subscheme Z of length n the unordered n-tuple in k corresponding 
to the i th coordinate. If < 0, then H BB ^ T ' A \A d ) is schematically included in the 
fiber P T\0). 

For simplicity, we have considered a field k in this introduction. But throughout 
the paper, we shall work over a ring k of arbitrary characteristic. 

Let us say a word about the proofs. The action of T on A d = Spec k [x] induces 
a partial order < on the monomials of fc[x]: the monomials are ordered according 
to their weight for the T-action. The basic idea of the proof is that a subscheme 
Z is in iJ SB ( T > A ) if, and only if, the initial ideal in <e (/(Z)) equals the monomial 
ideal I(Z A ) for any total order < e which is a small deformation of the partial 
order <. It follows that the Bialynicki-Birula functor is an intersection of functors 
n< e % mon ( < ' ! ' A ' ) ; where the intersection is taken over all small deformations < e of 
<, and each functor % mon (<«>A) [ s defined using the theory of initial ideals. We 
prove that each H moll(< " A) is representable by a subscheme ff mon ( <£ ' A ' of H n {A d ) 
(see theorem I21|) . For avoiding the problems coming from intersecting an infinite 
number of subvarieties, we realize the Bialynicki-Birula functors as the intersection 
of only two well-chosen functors %m°a(<->A) n ym<m(<+A) ( see proposition^. 

When dealing with representations of functors, constructions for individual sub- 
schemes often require uniformity lemmata when one passes to families. The parangon 
of this situation is Castelnuovo-Mumford regularity, which appears in the con- 
struction of the Hilbert scheme. Our strategy for proving representability of the 
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Bialynicki-Birula functor is no exception; we need two key uniformity lemmata (see 
lemmata [10] and [T4|) . They are proved and explained in section [3l 
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2. BlALYNICKI-BlRULA FUNCTORS AND A-MONIC FAMILIES 

In this section, we introduce the Bialynicki-Birula functor and reformulate Bialynicki- 
Birula families in terms of A-monic ideals (see proposition [SJ. 

In this paper, we consider schemes over a commutative ring k of arbitrary char- 
acteristic. We denote by fc[x] the polynomial ring k[xx, . . . , Xd\- Similarly, for 
e = (ei, . . . , ed) G N d , we use the multi-index notation x e := x\ x . . . x e d d . All the 
rings and fc-algcbras are implicitly assumed to be noethcrian. 

A standard set, or staircase, is a subset A C N d whose complement C := N d \ A 
satisfies C + N d = C. We call the minimal generators of the N d -module C the 
outer corners of A. All standard sets under consideration will be of cardinality n, 
in particular, finite. The ideal generated by the monomials x e , e £ C is denoted by 
I A . We shall freely identify the monomials x e with their exponent e. In particular, 
the notion of a staircase of monomials makes sense. 

If B is a fc-algcbra, then the tensor product B ®k k[x] is just B[x], the ring of 
polynomials with coefficients in B. Similarly, we write £?[£, f -1 ,x] := £?[x] 0^ 
fcfoi -1 ]. Let £ G Z d , and / C B[x]. We denote by C B[M~\x] the ideal 

generated by the elements t.f := ^i~^' e c e x e where / = ^ c e x e G /. We denote 
by I(t) the ideal I(t, t~ x , x) n B[t, x]. In particular I = 1(1). 

Definition 1. Wc denote by n BB{A '^(B), or more simply by H BB{A) (B) when £ 
is obvious, the set of ideals I C B[x] such that lim^o t.I = I A , which means: 

• B[t,x\/I(t) is a locally free B[t]-modu\e of rank n = #A. 

• 1(0) = I A 

■^bb(A) - 1S a con t r avariant functor from the category of noethcrian fc-algebras to 
the category of sets. We call it the Bialynicki-Birula functor. 
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The first bulleted item of the definition says that Spec B[t, x\/I(t) — > Spec B[t] is 
a flat family. The second bulleted item says that its fiber over G Spec B [t] is the 
monomial scheme defined by I A . The limit lhxit-^ot-I is therefore a well-defined 
flat limit. 

Let us check that % BB ( A &> is indeed a functor. If Q := B[t, x]//(i) is a locally 
free module of rank # A and B — > A is a ring homomorphism, then Q <8>b A = 
Q ®B[t] 1S a locally free A[i]-module of the same rank. In particular, the fiber 
over G Spec A[t] of the family Spec Q ®s A — > Spec A[t] is a locally free A-module, 
call it Q' , of the same rank. However, the kernel of the corresponding surjection 
A[x] — > Q' contains the monomial ideal I A . Since the quotient A[x\/I A is a free 
A-module of rank #A, the module Q' is in fact free of that rank; the kernel of 
A[x] — > Q' equals I A ; and functoriality follows. 

We shall now introduce the partial order on monomials in fc[x] defined by the weight 
of our torus action. That order is in general not a total order, in particular, not a 
monomial order. In what follows, we shall employ techniques very similar to those 
in Grobner basis theory — with the difference that our order is not a monomial order, 
so the usual techniques will have to be modified. Let us make that more precise. 

Definition 2. Let £ G M d and /{ G (R d )* the linear form defined by /{(ai, . . . , ay) = 
We define the partial order <{ on monomials in k[x] by setting x e <{ x 9 
if /{(e) < /{(g), and letting x e and x s be incomparable if /{(e) = fe(g). Since we 
identify monomials and exponents, we adopt the convention f^(x e ) := /{(e). 

If the weights £j are linearly independent over Q, then <{ is a total order on 
monomials. Otherwise, the order is only partial. In that case we shall refine the 
partial order to a total one. The refinements we shall use may be defined either as 
limits or using signed orders. 

Definition 3. • A sequence of partial orders <j converges to the total order 

< if for every pair of monomials a, 6, we have a < b if, and only if, a <j b 
for j large enough. 

• A signed order on the symbols l,...,d is a map (e, o) : {1, ...,d} —> 
{ — 1, 1} x {1, . . . , d} such that the induced map o : {1, . . . , d} — > {1, . . . , d} 
is a bijection. 

• A sequence compatible with that signed order is a sequence £ J in M. d con- 
verging to such that the sign of ^ is e(k) and such that the quotient £//£^ 
tends to if, and only if, o~ 1 (k) < o~ 1 (^). 

The connection between signed orders and convergence is as follows. 

Proposition 4. Let < be a refinement of the order <{ and (e, o) a signed order. 
Then the following conditions are equivalent: 

• For all monomials x e and x^ with /{(e) = /{(/), we have x e < x-^ if 
and only if (e(l)e o(1) , . . . , e{d)e ( d) ) < (e(l)/ o( i), . . . , e(d)f o{d) ) in the lexi- 
cographic order. 

• For every sequence f compatible with the signed order, the sequence of 
orders <{+{j converges to <. 
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Proof. Easy. □ 

Definition 5. A quasi-homogeneous order of weight £ is either a partial order <£ 
as above or a total order < which refines <£. The variable Xi is positive with 
respect to <£ if £j > 0. If the total order < refines <f, then a variable with 
£s = and e(i) = 1 in the refinement is called positive too. This defines positivity 
of variables for all quasi-homogeneous order of weight £. Negativity of variables is 
defined similarly. 

When all variables are positive with respect to a total order <, then the order is a 
monomial order and the theory of Grobncr bases is at our disposition. In particular, 
there exist an algorithm for division of an element / by a monic family When all 
variables are negative, we are in the setting of standard bases, in which there also 
exists a division algorithm. With standard bases, the quotient is a power series. 
However, the quotient is a polynomial when the family fi contains a power x^ of 
each variable Xj . In what follows we shall consider weight vectors £ whose signs of 
coordinates are neither all positive nor all negative. In this setting, there exists a 
division algorithm with polynomial quotient by a monic family /, containing powers 
of the negative variables. This leads to the notion of a bounded ideal. 

Definition 6. Let < be a quasi-homogeneous total order. An ideal / C -B[x] is 
called bounded by r\, . . . ,r<j if for every negative (resp. positive) variable X{, there 
exists a polynomial hi £ / H B[xi] with hi = x\ % (resp. in(/ij) = x\ % ). 

Definition 7. • Let < be a quasi-homogeneous partial order of weight £, 

and / = a e x e £ B[x], where a e ^ for every e. Let x ei ,...,x e ' be 
the maximal monomials appearing in /. The initial form of f is in(/) := 
2^a ei x ei . This is a term when < is a total order, but may contain more 
than one term otherwise. We denote by in(i) the ideal generated by the 
elements in(/), f £ I. 

• Let / C B[x\ and m = x e be a monomial. We denote by in m (J) C B the 
ideal generated by the elements b £ B such that in(/) = bra for some / £ I. 

• Let A be a standard set of cardinality n. The ideal / is called A-monic if 
in m (7) = (1) if m <£. A and in m (7) = otherwise. 

We now interpret the Bialynicki-Birula functor in terms of initial ideals and monic 
families with respect to some partial quasi-homogeneous order. 

Proposition 8. Let £ £ Z rf and <^ the associated partial order. Then I £ 
H BB ( A ^ (B) if, and only if, the following conditions are satisfied: 

• I is A-monic 

• V/ £ I , the initial form with respect to <£ is in(/) = ^ a e x e , e ^ A, 

• B[x]/I is a locally free B-module of rank #A. 

Proof. We only prove that the itemized conditions imply that / £ T-L BB ^^\ the 
converse being easy. Let us temporarily assume that B[t,x]/I(t) is a locally free 
_B[t]-modulc. Then the flat limit lim f ^o^ exists; the first condition says that 
the limit ideal contains I A , whereas the second conditions says that the limit is 
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contained in I A . For proving that I G H BB ( A '^ (B), it therefore remains to show 
that P := B[t,x]/ I(t) is a locally free B[t]-modu\e. 

Upon localizing B (that is to say, upon replacing SpecB by an open subset), we 
may assume that B[x]/I is £>-free of rank #A. According to the second item, the 
monomials x e ,e G A are a basis of B[x]/I. These monomials are therefore also a 
basis of the B[t, ^J-module B[x]/I ® k k[t,t~ l ] ~ B[x, t, the latter 

isomorphism being given by the torus action t.x e = <~^' e x e on the polynomial 
ring0, which induces the torus action on H n (A d ). The monomials x e , for e G A, 
remain linearly independent in the B[t] -module P. We denote by N := (x e : e G A) 
the free submodule of B[t,x]/I(t) generated by monomials with exponents in A, 
and by Q(t) the quotient P/N = B[t,x]/(I(t) + (x e : e G A)). Since 1(0) = I A 
by hypothesis, we have Q(0) = Q(t)/(t) = 0. By the above, we have t — 1 ) = 
Q(t) <g> B[t] B[t, t' 1 } = 0. Hence Q(t) = 0, so P = N. □ 

Remark 9. According to the intuition from Grobner bases, one could think that 
the third condition is a consequence of the first two. This is not the case, as is 
shown by the example d = 1, I = (x 2 + x 3 ), £ = — 1, A = 

3. Uniformity lemmata 

The goal of this section is to prove the uniformity lemmata needed in our construc- 
tions. 

Uniformity considerations are a cornerstone of many constructions with repre- 
sentable functors. For instance, in the construction of the Hilbert scheme, a sub- 
scheme with Hilbert polynomial P is characterized by its equations in degree m for 
m large enough. But finding a uniform integer m suitable for all the subschemes 
with Hilbert polynomial P requires a uniformity lemma. In the construction of 
Hilbert scheme, Castelnuovo-Mumford regularity, or the Gotzmann persistence the- 
orem does the job. In our context, we shall need two uniformity lemmata (see 
lemmata fTOl and [T4|) . Let us explain where they are needed. 

In proposition |S1 we have reformulated the property / G T-L BB ^' A \B) in terms of 
the partial order <£ and of the ideal in<, (/). Later on, we shall use total orders 
instead of partial orders to connect the Bialynicki-Birula functors with Grobner 
basis theory. We shall slightly deform £ into £ e in such a way that <^ e is a total 
order and in< e (7) = in<, (/). But when <j converges to <, in the equivalence 
a < b ^ a <j b for j large, how large j needs to be depends on the monomials a 
and b. The first uniformity lemma (lemma I10[) controls the monomials appearing 
in a nice set of generators of I and will induce the equality in <? (I) = in <£e (I) 
(corollary (TlJ . 

As for the second uniformity lemma (see lemma RHP . the situation is as follows. If 
Zq C A rf is a scheme of length n supported on the locus Xi = 0, then x" vanishes 

2 Remember that the torus takes the shape T = {(t^ 1 , ■ ■ . , ^ d ), t £ k*} and acts by 
t.(ai, ■ . ■ , da) '■= (t^ 1 ai , ■ ■ ■ , t^ d a,i) on closed points of A d . This corresponds to the torus ac- 
tion on the polynomial ring fc[x] which is trivial on scalars and is given by t.x c := t~£' e x e on 
monomials. 
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on Z . This is not true any more in families. The simple example Z = V(x — e) C 
Spec k[x, e]/e 2 shows a family of relative length 1, supported on x = 0, schematically 
included in x 2 = but not schematically included in x = 0. This corresponds to 
the fact that the functor parametrizing families of length n supported on x% = is 
not representablc by a closed subscheme of H n (A d ). In contrast, we shall prove in 
lemma H31 that a A-monic bounded family of relative length n supported on Xi = 
is schematically included in the locus xf = 0. This is an ingredient to prove that 
the monic functors are representable by locally closed subschemes of H n (A d ) (see 
theorem l2Tj) . 

Lemma 10. Let I = C B[x] be an ideal such that the quotient 

B[x]/I is a finite B -module. Let < be a quasi-homogeneous total order of weight 
£ = ■ • ■ , £d) with ~^2^f = 1. Assume moreover that one of the following two 
conditions is satisfied: 

(1) ii ± for all i, 

(2) / is bounded. 

Then there exists gi £ L such that for all m and for every a £ m m (I), there exist 
Xi E B[x], b,ceR + such that 

• in (S \9i) = am > 

• the total degree of each term t in ^2 A,5, satisfies 

- case (1): dcg(r) < + c, 

— case (2): dcg(r) < b, 

• b,c depend on L and m, but not on the order < . 

Proof. The sequence (l,Xi, . . . , x\) C B[x]/I, indexed by j, is an increasing se- 
quence in the nocthcrian module B[x]/I, thus it eventually becomes stationary. 
It follows that for every i, the ideal / contains an element hi = X? + Y^j=i ^ij x l^ 
ba £ B. We define 



and let in(/) = am, where m is a monomial and a e B. 

Let Si = h±qi + n be the euclidcan division of s, by hi with respect to the variable 
x\. Then 



where deg^j^ < r for some natural number r which is independent of /. We repeat 
euclidcan division for all other hj, so with respect to all other variables Xj. This 
yields a formula 




for i < u, 

for i = it + 1, ...it + d. 



Consider an element / of /, which takes the shape 



8 



LAURENT EVAIN AND MATHIAS LEDERER 



where 

deg^. U<r 

for all i,j and a uniform bound r. We define D := m.ax-ij{&eg x . fi+r— 1, deg x ^ m}. 
Let ,s be the index of a positive variable. Then deg^, Ylhfi — D- Let r be a term 
of ^2 u ihi with dcg x t > D > Aeg x (to). Then r is also a term of /, different from 
its initial term, r ^ hi(/) = am. Let /':=/ — Then in(/') = in(/) and 

The term r, which appears in J^itj/ii, is gone in ^u^/ij. We may repeat this 
construction, thus constructing expressions Yl u i h% which suppress all the terms 
whose degree in some variable of positive weight is more than D. Finally, we obtain 
an element f( l > £ I such that m(f( l >) = am and 

f [l) = Yl + X) de s^ Yl v * h * - D when & > °- 

Now let s be an index with £ s < 0. In particular, x s is a negative variable. Let r := 
cx e be a term of ^ v.ihi with deg Xs r > fz( m )~ dD + r . I n particular, deg Xa t > r since 
/f( m ) < >o & deg a . i m < Y^dXjD < d-D, and the denominator £ s is negative. 
Let q s := Note that f 6 (in(q s h s )) < / s (in(g s )) = / £ (t) - r£ s < £ s deg^ r + 

E €i >o 6 dcg Xi r - r& < M^£ fa + ^ £ < + dD = /f ( m ). I n 

particular, in(/W) = in(/W - /i s q s ) = am. We therefore let := - h s q s 

and obtain have the formula 

which has the virtue that the term r does not appear any more in ^Wihi. Repeat- 
ing the same process for all s such that £ s < 0, we obtain an element 

such that any term r of ^2 Zihi satisfies the inequality 

/ e (m) - dD , £deg^m) + dD 
deg^ r < -5 + r < j— : + r 

for every s with < 0. 

Summing things up, in the last expression, any term r of the right hand side satisfies 

• deg^.. t < bi for some hi if > 0. 

• deg^. r < jl^i + a for some &j, Cj if £j < 0. 

Thus we have the required expression in case (1). 

It remains to cover the case when / is bounded. In the above proof, the upper 
bound for deg Xi (r) took two different forms, depending on the sign of £j. This is 
necessary because the sign of £j affects the computation of in(/i,). However, in the 
bounded case, one can take hi := x^' for some if £j < is a negative variable, 
and obtains in(/ij) = xp. In other words, in the bounded case, with this choice of 
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hi, the above proof for positive variables also works for negative variables. We get 
the upper bound deg^.. r <bi whatever the sign of is. □ 

Corollary 11. Let A be a staircase. Let <j be a sequence of quasi-homogeneous 
total orders converging to < and L C B[x\ be an ideal such that B\x\/I is a finite 
B-module and in TO (J) = (1) for m A. Assume that one of the following two 
conditions hold: 

(1) & ^ for all i, 

(2) I is bounded. 

Then for large j, we have in<(J) = in <j (/). 

Proof. If in< (/) = am, then in <j / = am for large j by definition of the limit order. 
The inclusions in m < (7) C in TOi< . (/) and in<(7) C in< . (/) for large j then follow 
from the noetherian property. 

Conversely, let £j and £ the normalized weights associated to <j and <, where 
normalization means that | |£j 1 12 = 1 1£| b = 1- Since <j converges to <, the sequence 
£j converges to £. By the previous proposition, for all m, there exists N m G N and 
a finite family of monomials such that for j > N m , any a € in m <i (/) is equal to 
in< j . (/) for some f = J2 bi^n, bi G B. Let N' n G N be such that for all n > N' m , the 
partial order <j and the total order < define the same total order on the finite set 
of monomials mj. Then for n > N'^ := max(A r , N'), we have in m!<j . (/) C in m .<(7). 

When trying to find an integer large enough so that in<(7) = in <j (J), one a priori 
thinks that this integer should be at least equal to N m for every monomial m G fc[x]. 
But if 

him,<,-(-0 — i n m.<(-^) — (1); then the same equality is also still true if one 
replaces m by any monomial multiple ml of m. In particular, it suffices to take 
j > N := max{iV TO : m G A}, where A is the union of A and the outside corners of 
A, a finite set. □ 

We now provide a (pseudo-)division algorithm which, in particular, tests ideal mem- 
bership. Of course such an algorithm exists in the presence of a monomial order 
or with bounded families — but since in our context we need partial and total non 
monomial orders, that algorithm is not good enough for us. We deform the partial 
order into a total order and start a division with the total order. Our algorithm 
does not necessarily terminate. Nevertheless we are able to identify a part i?A in 
the remainder which stabilizes (and is independent of the arbitrarily chosen de- 
formed order). This division is used to prove that most monic families are bounded 
(corollary IT3| . Here is the precise statement. 

Corollary 12. Let < be a quasi-homogeneous partial order of weight £, A a stair- 
case, and I C B[x] a A-monic ideal such that the quotient B[x]/L is locally free of 
rank #A. Let o\, . . . , o u the outside corners of A, and fx, ■ ■ ■ , f u £ / be elements 
with in<(/j) = Oi. Let £' a small deformation of £ such that <f is a total order 
and in<(/) = in<^ (/) and in < (fi) = in <( , (/j) for all i. Then for all f G B[x], there 
exists a division 
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such that 

• each term t — 6x e of Ra satisfies e G A, 

• for all terms cx s of R' and for all m G A, f^'(s) < /^'(m). 

For every such division, 

• Ra is independent of £' anrf of the choice of the division, 

• f G I if, and only if, Ra = 0, 

• the map f <— > Ra is a homomorphism of B -modules B[x] — > B[x\/I, where 
we identify the latter module with B[A] := © e£ ABx e . 

Proof. To construct the expected expression f = ^2 Xifi + Ra + R' , we proceed in 
several steps. At each step j, we have an expression / = X ^ij/s+^-r For j = 0, we 
take Aio := 0, To := /. We decompose Tj = Raj + R'j, with Raj '■= XmeA c mj m 
and R' 3 :=J2 m$A c mj m - The initial term m <( , (R'j) can be written ^_,in <5 , (f ij ) for 
some fi j by hypothesis. We set Aj.(j+i) := A, , and Aj/^+i) := A,^ for i' ^ i,-. 
Then T J+ i '■= f — ^2 K(j+i)fi = Tj — \ijfij decomposes, analogously as above, into 
T j+ i = l\ \ , . : + / / ' . | . 

If, for some j, it happens that R'j = 0, then we define Ra '■= Ra, and R' := 0, and 
have constructed the expected expression. Otherwise, there is a constant c > such 
that for allj, fe (m <? , (f h )) > /^(in <{ , (/;. -m <£ , /». )) +c. If we let Ej := {jV( T ) : 
r a term of R'j}, then 2£j+i is derived from Ej by the replacement of the maximal 
element Mj = /f/(in<f(i^-)) of by a collection {ci, . . . ,Cfc} with Cj < Mj — c 
for all i. It follows that for large j, the maximal element of Ej is smaller than any 
fixed number. In particular, Vm G A, Mj — /f(in < ^'(i?^)) < f^i(m) if j is large 
enough. 

If / G I, then in the expression / = ^ ^i/i + + R', we have Ra = since 
m < 5 / (/ — J2^ifi) cannot lie in A by hypothesis. In particular, if / = Mi/i + 
5a + S' is another division, we take their difference and obtain a division of G /, 
which implies i?A = <Sa- 

It is obvious that / H> Ra is a homomorphism as it is possible to add divisions, or 
to multiply them with a scalar A G B. 

Let us now consider the S-submodule B[A] of B[x\. The identity on B[A] factors 
as B[A] — > B[x] — s> B[A] where the first arrow is the inclusion and the second is 
the morphism Ra- The above implies that this factorization induces a factoriza- 
tion B[A] — > B[x\/I — > B[A\. This composition is surjective between locally free 
modules of the same rank, so it is an isomorphism. In particular, we obtain that 
Ra = implies f E I. 

To prove that in the division / = X ^ifi+RA+R' , the summand Ra is independent 
of it suffices to consider two small deformations £' and £" of £ and to find a 
division which is valid for both £' and We therefore have to show that for all 
exponents s of terms of R' and for all m G A, /f(s) < f^{m) and f^"(s) < f^"(m). 
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Choose a division / = X] + R'a + R" which is valid for Then we construct 
the division for £' as above, except for one modification: For j = 0, instead of 
taking A^o = 0, To = /, we set A;o := A", To := R 1 ^ +R". The terms in R'^ decrease 
for both <£/ and <£", thus at each step, the expression / = ^ Xinfij + R&.j + Rj 
is a division for When the process stops, we have a common division for £' and 

□ 

Corollary 13. Let £ a weight vector with 7^ /or a// i. // / is A-monic and 
B[x]/I is locally free of rank n = #A, i/ien / is bounded. 



Proof. If r is large and a;, is a negative variable, the division of x\ by the collection 
of fi reads 

<-E°-^ + ( i? A = o) + (i?' = a; D. 

Thus a;£ G /, as expected. If 2^ is a positive variable, the polynomial /ij constructed 
at the beginning of lemma [TOl is the required polynomial. □ 



We now come to the second uniformity lemma. 

Lemma 14. Let < be a quasi-homogeneous total order. Let I C B[x] be a A-monic 
ideal with B[x]/I locally free of rank n = #A. Suppose that L is bounded. Then 
for every negative variable Xi, we have x™ G L. 



Proof. After applying a suitable permutation, we may assume that x±, . . . , xi (rcsp. 
xi+\, . . . ,Xd) are the negative (resp. positive) variables, and we shall prove that 
x'i G I. For every monomial to G k[x2, ■ ■ ■ ,Xd], there exists a unique h(m) G N, 
call it the height, such that m~ := x\ 1 1 m G A and m + := x\ m ^ A. In 
particular, h(m) = if to ^ A, and all heights of all x e G k[x2, • ■ ■ , Xd] sum up to 
n, the cardinality of A. 

Let M C k[x2, ■ ■ ■ , x{\ be the set of monomials with exponents in A' := N' _1 n A. 
The set M is finite, and we number its elements such that < m\ < . . . < m\ M . 
For any monomial to G k[x2, ■ ■ ■ ,Xd], we define H(m) := J2 m + < m + M m ;)- Note 
that for every such to, H(m) < X)x e efc[:c9 x d ] M xG ) = n. In particular, if we prove 

(1) Vto = x e G k[x2 ■ ■ ■ , xi], x^^m G / 

then for the particular choice m := 1. ([T]l implies x" G /, which concludes the proof. 

Since / is bounded, for each i with 2 < i < Z, there exists some rj such that a;[* G /. 
Thus ([1]) is true if x£* divides to. It follows that the set C := {m G fc[x2, ■ ■ ■ , xi] : 
to is a monomial ,xf m ^ /} is finite. If (U) is not true, then C ^ and C 
contains an element too which is minimal in the sense that < to + for every 
to G C, m 7^ mo- Let / G / with in(/) = . Then / takes the shape 

(2) f = m++ J2 C ^ C - 

x'<mt 
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Since I is bounded, we may assume by the standard division procedure that x e 6 A 
for every term x e in the above expression. We obtain 

x e = xl 1 ...x e d d e A xl 1 ...x? £ A => ei < /i(x^ 2 . . . xf). 

Since x\ is a negative variable, and . . . , x<j are positive, we get: 

/™e 2 „en+ _ ftfe -ii )(■ e 2 en ^ ei e 2 „ej ei+i e d _ e 

\- L 2 ' ' ' I ) — ^1 \ x 2 • ■ • J ^ J 'l J '2 ■ ■ ■ ^l+l ' • •• h d ~ 

Here is the upshot of the above: If C ^ 0, mo £ C is its minimum, and a monomial 
x e = Xj 1 . . . x d d appears in a term of /, then m e := x^ 2 . . . xf satisfies m+ < x e < 
m~Q . Thus H(m e ) < H(mo) — h(mo), and by minimality of mo, m e a;^" ie '' 6 /. It 
follows that the multiple x e xf^™°' ) h ^ n °^ lies in /. The product of the expression 

© With x f(^o)-h(m ) yieldg 

H(rn ) _ + H(m )~h(m Q ) _ f H{m )-h{m ) \^ „e_fl'(roo)-/i(mo) c r 
IILqX-^ — ///-q X^ — J X^ — > L e X X-^ t J , 

a contradiction. It follows that C = 0, and ([T]) is true. □ 

4. Base change for monic families 

It is well-known that passage to the initial ideal does not commute with arbitrary 
base change, but rather only with flat base change (sec [BGS93 ). Thus it is difficult 
to define functors manipulating initial ideals through arbitrary base changes. In 
contrast, we show that A-monic families are stable by arbitrary base change. This 
allows us to define a A-monic functor at the end of this section, after having settled 
the required base-change statements. 

Proposition 15. Let < be a quasi-homogeneous total order. Let I C B[x\ be a 
bounded ideal. If for all m, m m (I) = or in m (7) = (1), then for every base change 
B -> A, in m (JA[x]) = in m (I)A 

Proof. Obviously, in m (/) = (1) implies in m (/A[x]) = (1). If in m (J) = 0, we argue 
by contradiction, supposing that in m (.L4[x]) ^ 0. Choose / G IA[x] with in(/) = 
am, a ^ 0. Let Xj be a negative variable. Then x^ 3 € / for dj large. In particular, 

replacing / with / — Ax|, we may assume that / has no term divisible by x^ 3 . 
Choose an expression 

(3) / = £>/* 

with a.j £ A and /, G / C B[x]. As above, we may assume that none of the 
fi contains a term divisible by x^ J . Let m! be the maximal monomial appearing 
in the /j. Note that m! > m and, more precisely, m! > m since in m (J) = 0. 
Among all possible expressions ([3]), choose one with minimal m! . (Although < is 
not necessarily a monomial order, a minimum ml exists since we have bounded the 
exponent of the negative variables). Let J :— {i : in(/j) = A^m'} be the set of 
indices of fi with initial monomial m! . The coefficient of m! vanishes on the right 
hand side of thus Si e j a i in (/i) = HieA CLi ' Ki )' m ' = °- Tnus J2ie.J = °- 
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Let g & I with in(<7) = m' and such that g has no term divisible by x^ 3 . Let f! := f- t 
if i £ J and f[ := f l - \g if i € J. Then 

and this expression contradicts the maximality of m'. □ 

We remark that with the same proof, we have in fact a slightly more precise and 
technical statement which will be useful later. 

Proposition 16. Let < be a quasi-homogeneous total order. Let I C B[x] be a 
bounded ideal. Let m be a monomial. If for all m! > m, either in m / (7) = or 
m m i(I) = (1) holds, then for every base change B — > A, the equality in m (/A[x]) = 
in m (I)A holds. 

Let X = Spec A be the affine scheme corresponding to the ring A. The ideal 
in m (I) C A defines a closed subscheme of X . If X is a scheme which is not affiiic, 
we wish to glue the local constructions we have been working with so far. Since 
open immersions are flat, the following proposition implies that gluing is possible 
and that for any sheaf of ideals I C Ox [x] , there is a well-defined sheaf of ideals 
in m (I) C Ox on a non-affine scheme X. This allows us to speak of bounded and 
monic, resp., ideal sheaves rather than ideals. 

Proposition 17. Let < be a quasi-homogeneous total order. Let I C B\x\ be a 
bounded ideal. Let B —> A be a ring homomorphism which makes A a flat B -module. 
Then m m (IA[x]) = m m (I)A. 

Proof. Theorem 3.6 of [BGS93 proves the statement in the case where < is a 
monomial order. The same proof also goes through in our context, provided that 
we take care of the high powers of the negative variables in the same way as we did 
in the proof of proposition [15] □ 

We now define the monic functor n mon{<A l Corollary [H implies that monic 
ideals are bounded in most cases. We shall later see that ideals arising from the 
Grobner functor are always bounded (see lemma E3"]) . It is thus natural, and not 
very restrictive, to add this boundedness condition when we define functors of monic 
families. 

Definition 18. Let < be a quasi-homogeneous total order and A a standard set. 
Let B be a noetherian fc-algebra and % mon(< - A) (B) be the set of ideals I C B[x] 
such that 

• I is bounded and A-monic 

• B[x\/I is B locally free of rank #A 

This defines a covariant functor ^ mon (<. A ) j w hich we call a monic functor, from 
the category of noetherian fc-algebras to the category of sets. 
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5. MONIC FUNCTORS ARE REPRESENTABLE 



The goal of this section is to prove that monic functors are representable (see 
theorem l2Tj) 

Proposition 19. Let < be a quasi-homogeneous total order. Let I C B[x] be a 
bounded ideal with B[x\/I a locally free B-module of rank n, and let I C 0x[x] be 
the ideal sheaf on X := Spec B defined by I. Let IS. be a standard set of cardinality 
n. There exists a locally closed subscheme Z C X such that 

• the restriction of I to Z is a bounded A-monic family, 

• any morphism f : Spec A — > Spec-B such that /^4[x] is a bounded A-monic 
family factors through Z . 

The last proposition is a particular case of the following statement, which we shall 
prove by induction. 

Proposition 20. Let < be a quasi-homogeneous total order. Let I C B[x] be an 
ideal bounded by r\,...,rd such that B[x]/I is a locally free B-module of rank n, 
and let I c Cj[x] be the ideal sheaf on X := SpecS defined by I. Let C := {x e : 
e, < 7"j} be the "hypercuboid of monomials" of edge lengths r it and therefore, of 
cardinality s := OiLi r i- We number the monomials rrii £ C such that mi > mi > 
■ ■ ■ > m s . Let r < s, and fix a map fi : {1, . . . , r} — > {0, 1}. Then there exists a 
locally closed subscheme Z r C X (possibly empty) such that 

• The sheaf of ideals I r , which we define as the restriction of I to Z r , is a 
bounded monic family with in(I r ) m = (1) for m ^ C and in(I r ) mi = {fi(i)) 
for 1 < i < r. 

• Let f : Spec A —> SpecB be a morphism and K :— IA[x\. Then m(K) m = 
(1) for m ^ C and m(K) mi = (fJ.(i)) for l<i<rif, and only if, f factors 
through Z r . 

Proof. We start with the first item, which we prove by induction on r > 0. 

When r = 0, we may take Z = X since the family is bounded by r\, . . . , r^, which 
implies that va^Lr) u = (1), hence in(2 r ) TO = (1) for m ^ C. We may assume that 



By proposition [TBI and the induction hypothesis, we have in(X r ) m = (1) for m ^ C 
and m(I r ) mi = (fJ.(i)) for 1 < i < r — 1. We have to prove that m^I,.),,^ = (fi(r)}. 
This is a local problem, so we may assume that Z r -\ C X is a closed subscheme 
defined by an ideal J r _i C B. If /i(r) = 1, the base change Z r M> Z r -\ is open, 
thus flat. Base change therefore shows that in(I r )„ lr = (1) on a neighborhood of 
any p G Z r . 
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Assume now that /j,(r) = 0. We claim that m(I r )m r = 0. The problem is local, 
so we may assume that both Z r and Z r ~\ are afhne. Accordingly, we replace the 
sheaves X r and I r _i by their respective ideals of global sections, which we denote 
by I r and I r -\, resp. We will argue by contradiction, supposing that there exists 
some / <E I r with in(/) = cm r , c 0. Take some g € I r —i that restricts to / 
over Z r . Since / is bounded by n, . . . , Vd, we may assume that both / and g are 
linear combinations of monomials in C, / = Xim ec 8 '" 1 ' anc ^ 9 = Em-6C^ m '' 
resp. Among all possible g, choose one which minimizes in(g). Then in(<7) = dm 
with m > m r . Suppose that m > m r . Since in(/ r _i) m = (0) or (1) by induction 
hypothesis and since d ^ 0, we obtain that in(/ r _i) m = (1). Choose h £ I r -\ with 
in(/i) = m. Then g' := g — dh contradicts the minimality of g. Thus m = m r , and 
d € (I r -i)m r = I(Fr) vanishes on F r . Since d restricts to c on F r , it follows that 
c = 0. This is a contradiction, which finishes the proof of m(I r ) mr = 0. 

We now come to the second point. If / factors through Z r , then m(K) m = (1) for 
m £ C and in(K)„ H = (fi(i)) for 1 < i < r, as these properties arc inherited from 
Z r by proposition 1161 

If, on the other hand, / does not factor through Z r , then we want to prove that 
m(K) mi f° r some i, 1 < t < r. We may assume that / factors through 

Z r _\, since in the complementary case, we are done by induction. 

We first consider the case fx(r) = 0. By the factorization property of / through 
Z r -i, we may assume that B is the coordinate ring of the scheme Z r -\. We denote 
by /# : B —> A the morphism associated with /. Since / does not factor through 
Z r , there exists some g £ I r — l with in(<7) = cm r , f^(c) ^ 0. The pullback of g to 
A[x] shows that in(7A[x]) TOr ^ (0), and we are done. 

Now consider the case /Lt(r) = 1. Since Z r C ^ r -i is open in this case, the factoriza- 
tion property of / implies the existence of a point p £ Spec A with f(p) £ Z r —\ and 
f(p) £ Z r = Z r -\ \ F r . In particular, in(I • k(p)[x]) mr = by proposition [T6j Thus 
in(i^) OTr ^ (1), as expected, since otherwise we would have in(I • k(p)[x]) mr = (1) 
by proposition [TBI □ 

Theorem 21. Let < be a quasi-homogeneous total order. Then the monic functor 
■^mon(<,A) j s representable by a locally closed scheme jj mon (<- A ) of H n (A d ), where 
n=#A. 

Proof. Let I C B[x] be an ideal defining a flat family SpecB[x]/7 — > SpccB of 
relative length n with / bounded and A-monic. Let L t C H n (A d ) be the closed 
subscheme of if™ parametrizing the subschemes Z included in the subschemc {x™ = 
0} C A d . Let L := n Ki negative Since the universal ideal of the Hilbcrt scheme 
(see [Ledllj for the construction and properties of that universal ideal) is bounded 
over i, there is a locally closed subscheme La C L parametrizing A-monic ideals 
(see proposition \19\\ . By universal property of the Hilbcrt scheme, the ideal I 
corresponds to a unique morphism <f> : Speci? — > H n (A d ). Lemma [141 implies that 
the morphism <j> factors through L. Proposition [19] (the universal property of La) 
implies that </> even factors through La- Conversely, any morphism SpccL? — > La 
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yields a A-monic bounded ideal by pullback of the universal ideal over the Hilbert 
scheme. Upon defining # mon (<' A ) := £ Aj we thus get the required result. □ 

Proposition 22. Let <j be a sequence of quasi-homogeneous total orders converg- 
ing to <. Then for j large, the functors Ti nlon ( <i ' A ^ and % mon (<< A ) are isomorphic. 

Proof. It suffices to prove that the representants jj mon (<i, A ) an( j ]jmm(<A) arc 
isomorphic. Recall the subschemc L introduced in the proof of the theorem. The 
subschemes fj mon (<jA) anc j jjmon(<,A) G f £ arc constructed locally using proposi- 
tion[2ni By proposition[TTJ both constructions coincide locally for j > jo on an open 
set O. Since L is quasi-compact, £p">*(<i,A) ~ H rn0 < < ' A ^ for j > max j . □ 



6. BlALYNICKI-BlRULA FUNCTORS ARE REPRESENTABLE 

We have proved that our monic functors are representable by schemes. The goal of 
the present section is to prove that the Bialynicki-Birula functors are representable 
by realizing them as an intersection of two monic functors. 

Since monic functors are bounded, we first need: 

Lemma 23. Each ideal I G T-L BB ^ ,A \B) is bounded with respect to any total order 
< refining <£. 

Proof. Up to reordering the components of £, one can assume that > £j+i- We 
denote by k, I the integers such that £j > i < k and & < ^ i > I. 

By the definition of boundedness, we need to exhibit a family of polynomials hi. If 
xi is a positive variable, we construct hi as in the beginning of the proof of 1101 

Note that the monomials with exponents in A form a basis of B[x]/I. In particular, 
every monomial x e leads to an element x e + X^meA c m^- m of /. For i > I, ri ^ 
and x e = xp, we have c m = since / is A-monic. Thus hi := xT* g /. 

Let Xi be a negative variable of weight 0. To prove that x\ € / for large r, we 
shall prove that for any monomial m £ B[xi,... ,Xd], x\m G / for large r, and 
subsequently apply that to the monomial m = 1. If the exponent (ej,...,erf) 
of m = xf l . . . x e d d is large (in more concrete terms, if ej > rj for some i), then 
m G J by the above. We are therefore left with a finite collection of m for which 
the claim has to be checked. We proceed by induction over m. Let be the m 
minimal clement of the finite collection for which the claim has not been proved 
yet. By our hypothesis on /, for large r, the monomial x\m lies in the limit ideal 
1(0), thus I contains an element / = x\m + R, where all terms of R are strictly 
smaller with respect to <£ than x\m. We write the monomials appearing in R 
as TOiTO 2 "i3, with mi G k[xi . . . ,Xk-i],m2 G k[xk ■ ■ ■ rn 3 G k[xi, . . . ,Xd\- 

Such a product satisfies m\m2mj, <£ x\m only if m 3 < m. By induction wc 
know that when multiplying by an adequate power x? , we get x^m?, G /, hence 
x[ +p m = xff — x^R G /, as required. □ 
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Proposition 24. Let £ E Z d . Let 5j be a sequence in M. d converging to such 
that the sequence £f := £ + Sj converging to £ has the property that converges 

to a refinement < + of <£. Let £T := £ — and Zet <_ £fte Zimit o/ . Then 

■^BB(A,f) _ ^mon(< + ,A) p ^mon(<_,A) 

Proo/. It is clear that H BB{A ^ C "H mon(< +< A) n %™™(<-A) s i nce by proposi- 
tion n BB{A ^ C U mon( - <A) for any refinement < of < e . Conversely, take 
/ G ^mon« + ,A)(- B ) nH mo B «_,A)( B ), For pr0 ving that J £ H BB{A ^(B), we 
first prove that = (1) for m ^ A. 

We argue by contradiction. Suppose that the set C := {m £ A, in< 5im (/) / (I)} 
is non empty Since / is bounded, C is finite. Let m! be the smallest element of C 
for the order < + . Since m! ^ A, there is an / G / with in <+ (/) = ml . We write 
f = m' + r + s + t, with r = Ef ( ( e )<f ( ( m >) c e x e , s = Ee 6 A,/ € (e)=/ € (m'),e< + m' ^ 
* = E e ^,y { {e)=/ { ( m '),e< +m ' c ^ e ■ B y minimality of m', for any term c e x e in t, 
there exists some g e G / of shape g e = x e + E/,(/)</,( e ) • 

Let 

h:=f- ^2 c e g e 

c e x e a term of i 

Then ft, reads ft = ro'+r+s+u with u = EejfA,/ { (e)=/ s (m'),e< + m' c e (x e -g e ). The 
only terms c e x e in ft with /{(e) = f^(m') are the terms in s. Note that the orders 
< + and <_ have been chosen such that any pair of monomials m, m' satisfies the 
following: 

• if f^{m) =/: /j(m'), then m <+ ml <^> m <_ m' 

• if f^{m) = /j(m'), then m <+ ml <^> m' <_ to. 

Thus, if s ^ 0, then in<_(ft) is a term c e x e with e € A, contradicting the as- 
sumption that / 6 ^ mon (<-> A )(iJ). We thus obtain that s = and in< 5 (ft) = m' , 
contradicting the definition of C. 

Since / is bounded, we get by definition a collection of polynomials ft ?; G / n P^] 
with m(ftj) = irp when is positive and hi = if is negative. Then I{t) 
contains the elements t~^ iTi (t.hi) = +£ r<r . A r (t)x-J'. It follows that the quotient 
B[t,x]/I(t) is a finite P[f]-module. 

Summing things up, Spec B[t, x]//(i) is a finite family over Spec £>[£]. By construc- 
tion, this is a flat family of relative length n over the open set t ^ 0. The fiber 
Spec B[x]/I(0) over t = is a quotient of SpecP[x]// A which is a flat family of 
relative length n over Spec P. It follows by semi- continuity that P[i,x]//(i) is a 
locally free P[i]-modulc of rank n with J(0) = L A . □ 

Theorem 25. The Bialynicki-Birula functor f-l BB ( A >0 i s representable. 

Proof. By the above, the Bialynicki-Birula functor is an intersection of two func- 
tors H mon(<+ ' A) and H mo " (< -' A) , both representable by locally closed subschemes 



18 



LAURENT EVAIN AND MATHIAS LEDERER. 



if mon« + ,A) and £ f mon«_,A) j respectively, of the Hilbert scheme. The Bialynicki- 
Birula functor is therefore representable by the schematic intersection iJ mon ( < + < A ) n 

jjmon(<_,A\ □ 

Here is an application of the above to a specific choice of weight £. 

Proposition 26. Let e : {l,...,d} — > {1,-1} be a sign function. Let £ be a 
weight such that |£i| 3> |^2| 3> ■ • • 3> £d| > and sign(£i) = e{i). Let < be 
the signed lexicographic order defined by (a\, . . . , ad) < [bi, . ■ ■ , bd) if, and only if, 
(e(l)ai, . . . , e(d)dd) < (e(l)6i, . . . , e(d)bd) for the usual lexicographic order. Then 
ff mon(<,A) ls isomorphic to H BB ^' A \ 

The particular weights of the proposition above are used [ES87] , [ES88] , |Gro96j , 
|Nak99] , for studying the Hilbert scheme of points in the two-dimensional case. But 
more generally, we have: 

Proposition 27. Let £j be a sequence in Q d such that <£. converges to the to- 
tal quasi-homogeneous order <. Then for large j, ?{ BB fe' A ) is isomorphic to 

^mon(<,A) 

Proof. Following proposition [Ml for each £j , we choose a sequence 8jk such that 
the order <^ j+ s jk (resp. <^._a. fc ) converges to a refinement < J+ (rcsp. <j—) of 
< 5j . , and 

j^BB(^.A) _ ^mon(< j+ ,A) ^ -^mon(<j_ , A) 

By proposition, 1221 the isomorphisms 

hold for kj large. If we choose kj large enough, Sjkj is arbitrarily small compared 
to £j and we have the convergence of the orders liirij <^±s jk . = linx, <^.=< . In 
particular, for j large, 

^mon(< 5j±5 . k . ,A) ^ ^mon(< : A) 

The result follows from the displayed equalities. □ 

7. BlALYNICKI-BlRULA SCHEMES AND HlLBERT-CHOW MORPHISMS 

The goal of this section is to prove the following theorem: 

Theorem 28. If £j < 0, then H BB ^' A ^ is schematically included in the fiber over 
the origin p~ 1 (0), where pi : H n (A d ) Sym™(A 1 ) is the Hilbert-Chow morphism 
associated with the i th coordinate. 

To be precise, let p : H n (A d ) Sym"(A d ) be the usual Hilbert-Chow mor- 
phism. The projection pi : A d — > A 1 to the ^-coordinate induces a morphism 
pf : Sym"(A <i ) Sym'^A 1 ). We denote by p t := pf o p the Hilbert-Chow mor- 
phism associated with the i th coordinate. We denote by O € Sym™(A 1 ) the point 
corresponding to n copies of the origin of A 1 . 
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Lemma 29. Let I £ % mon (<- A ) (B). Suppose that Xi is a negative variable. Let mi 
be the multiplication by Xi in B\x\/I. Then there exists a basis of B[x]/I such that 
the matrix of rrii is strictly lower triangular. 

Proof. The monomials bi with exponents in A are a basis of fc[x]/P We order 
them such that b\ > 62 ■ • • > b n . Since Xi is negative, whenever Xibj £ A, then 
X{bj = bi for some I > j. If Xibj ^ A, we may choose / £ I with in(/) = Xibj 
and / = Xibj + X) e eA x'<x b c eX e . Then in the quotient B[x]/L, the identity 

Xibj = x,^ - f = - Y.eeA^Kx^Kb, C ^ e holds. □ 

Proof of the theorem. According to proposition I24| it suffices to prove the inclusion 
^mon(<,A) £- p- (o) if ^ ne variable Xi is negative for the order <. 

We recall the observation by Bertin [BerlOj that the Hilbert-Chow morphism is 
given by the linearized determinant of Iversen. Let / £ 'H mon ( < ' A )(.B) and 61, . . . , b n 
a basis of B[x]/I. If P £ k[xi], we denote by C P the j th column of the matrix (with 
respect to our fixed basis) of multiplication by P. If Pi ® • • • <g> P n is a pure tensor 
in k[xi]® n , we put ld(Pi ® ■ ■ • ® P n ) := det(C), i , . . . ,C\). The symmetric group S n 
acts on k[xi]® n ; we denote by k[xi]^ C the invariant part. Iversen |Ive70j 

proved that Id : k[x t }^ ->■ B is a fc-algebra homomorphism. As was remarked by 
Bertin, this homomorphism corresponds to the Hilbert-Chow morphism pi. The 
ideal of the origin is generated by the elementary symmetric polynomials, which 
have degree at least one. For proving the theorem, it therefore suffices to show that 
det(Cp , . • • , Cp ) = if Xi divides some Pj. However, according to the lemma 
above, that determinant is the determinant of a lower triangular matrix, and that 
triangular matrix has a zero term on the diagonal if Xi divides some Pj. □ 
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